Abstract. Let (M, {φ t }) be a smooth (not necessarily transitive) Anosov flow without fixed points generated by a vector field X(
Notations and main results
We consider a compact Riemannian manifold M and a smooth Anosov flow {φ t } on M without fixed points (C 2 would be enough but then V could not be more than C 2 in the center-stable direction). By hypothesis, the tangent space T M splits continuously into three sub-bundles:
, where E 0 x has dimension one and is generated by the direction of the flow X(x), which is non-zero by hypothesis, and E u x and E s x are respectively the unstable and stable directions and their dimensions are respectively u and s. There exist constants K, s < λ s < 0 < λ u < u such that sections is bounded from below by a uniform constant τ * . If we want to be more precise, we say that ( , γ ) is of, uniform size * , τ * , τ * , K * . We will also use the term 'weak Poincaré section' to mean a Poincaré section satisfying assumptions (i)-(iv) but not (v).
To any Poincaré section ( , γ ) we associate a return map ψ defined in the following way (see Figure 1) . Let be the disjoint union of each γ i ( i ), (we intentionally use the same letter). If x belongs to γ i ( i ), let τ (x) be the smallest t ≥ 0 such that φ t • γ i (x) belongs to γ j ( j ) for some j = i. Such a τ exists since φ τ * • γ i (x) belongs to U j for some j = i. Moreover, τ satisfies τ (x) < τ * . The return map is then defined by ψ(x) = γ −1 j • φ τ (x) • γ i (x) . The reader will have noticed that our Poincaré map is not defined on the manifold itself but rather through the charts {γ i } i∈I . In the first part of the proof, we show the existence of a discretized sub-action V for the associated discretized observable
In the sequel, W cs loc denotes any local center-stable manifold; similarly W s loc denotes any local strong-stable manifold. They are both embedded sub-manifolds of M. We will later define similar sub-manifolds W s loc (ω), W u loc (ω); but they will be sub-manifolds of R u+s .
PROPOSITION 4. There exists a Poincaré section ( , γ ) and a globally Hölder function
There exist constants K, β depending only on the flow such that
Notice that V is Hölder although A is not even continuous. The proof of the existence of V is similar to the case of Anosov diffeomorphisms [10] . The exponent β is related to the Hölder regularity of the stable foliation. In the proof of Proposition 14(iii), an explicit formula for β is given:
where λ s * and u * can be chosen as close as we want to min(τ )λ s and max(τ ) u by letting the diameter of the section go to 0. In the second part of the proof, we extend V to the whole space M. 
(where τ , ψ and A have the same definitions as τ , ψ and A using ( , γ ) instead of ( , γ )). Moreover, H is C r on any W cs loc if A is C r on M. We are now able to give an explicit formula for the sub-action V in Theorem 1. We first define the backward return time
Although T is again highly discontinuous, we claim that the function V just defined possesses all the required properties. Let x 0 ∈ M and i be a section disjoint from x 0 that meets the backward orbit {φ t (x) | −τ * ≤ t ≤ 0}. Let T i be a smooth backward return time to i defined locally about x 0 . For any x close to x 0 , though the piece of orbit {φ t (x) | −T i (x) ≤ t ≤ 0} may encounter other sections k , the property which characterizes H implies that
This explicit formula proves the claim. Before going into the proof of Theorem 1 we show how to construct a super-action in a simpler case that may help the reader to understand the general proof. We assume here that M = T 1 N is the unitary tangent bundle of a compact Riemannian manifold N of negative curvature and that our observable A is actually a closed 1-form ω : T 1 N → R restricted to M. Our proof of Proposition 2 gives only a Lipschitz super-action whereas the use of Fathi and Siconolfi's dominated functions, suggested by the referee, gives a C 1 super-action.
Proof of Proposition 2. Part I. We construct an explicit Lipschitz super-action V : 
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The only non-trivial fact we are left to prove is that V is actually a finite function. 
We have proved that V is a well-defined function. Part II. We use Fathi and Siconolfi's work to construct a C 1 super-action. Let L(x, v) = v x /2 be the standard Lagrangian in Riemannian geometry. Mañé's critical value is given by
where the infimum is taken over all invariant probability measures with compact support in T M. One can show that the support of any minimizing measure is included in the energy level set ω S , that α(ω) = ω S /2 and that after renormalizing µ to a probability measure in T 1 N, µ is maximizing for ω. Let U : N → R be a dominated function associated to L − ω and γ : [0, T ] → N be a curve of constant speed 1. We reparametrize γ so that it has constant speed ω S = √ 2α
By definition of U , From now on we choose a weak Poincaré section (˜ ,γ ) with a sub-section ( , γ ) of size ; the size will be determined later and will be small. Let ψ, τ be the return map and return time associated to ( , γ ).
Definition 7.
Let i, j ∈ I . We say that i → j is a simple transition if there exists x ∈ i such that ψ(x) ∈ j . Letτ ij ,ψ ij be the extended return time and return map from˜ i to˜ j :τ
If is small enough, i ⊂ dom(ψ ij ) and j ⊂ range(ψ ij ) for any simple transition i → j (see Figure 2 ). Sinceτ ij is uniformly bounded from below for all transitions independently of , by choosing small enough, we can construct a family of norms { · i } i , called Lyapunov norms, adapted to the hyperbolicity ofψ ij . LEMMA 8. There exist constants s * < λ s * < 0 < λ u * < u * such that for any δ > 0, one can construct a family of norms { · i } i∈I and a family of splittings (iv) for any x ∈ B i and any chain of simple transitions
We actually show that u * = τ * u , s * = τ * s and that λ u * and λ s * can be any real numbers satisfying τ * λ s < λ s * < 0 < λ u * < τ * λ u . The existence of Lyapunov charts enables us to use Bowen's shadowing lemma along pseudo-orbits. A pseudo-orbit is a doubly sided sequence of simple transitions. Let be the set
We notice that is a sub-shift of finite type and we denote by σ : → the associated left shift. For each ω ∈ , definẽ
and, more generally,ψ n ω =ψ σ n−1 (ω) • · · · •ψ ω . The following proposition is standard; it uses the theory of graph transform and will not be proved (see Figure 3) . 
. We call B = ∪ i∈I B i the disjoint union of all balls B i and we introduce the more condensed notation:ψ
Sub-actions for Anosov flows
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We also extend our previous discretized A to the space × B by:
For each ω ∈ we define π(ω), the unique point at the intersection of the local stable and unstable manifolds,
For each i let R i be the projection π{ω ∈ | ω 0 = i} of the ith cylinder of and R the disjoint union of all these {R i } i∈I . The space × R is again not invariant underψ but possesses an additional property called the Markov property. Bowen also uses a notion of Markov rectangles in [1] [2] [3] , but our approach is different.
The local stable manifold restricted to the rectangle R can be written as
(ii)ψ ω stabilizes the local stable manifold
We can see ( × R,ψ) as an extension of ( , ψ) in the following way: each x ∈ admits a canonical pseudo-orbit θ(x) ∈ by taking the successive sections which ψ n (x) crosses θ(x) = (. . . , θ −1 |θ 0 , θ 1 , . . . ) where ψ n (x) ∈ θ n , for all n ∈ Z.
The pseudo-orbit θ(x) satisfies π • θ(x) = x for all x ∈ and defines a discontinuous injectionθ into˜ = graph(π). We then obtain a topological dynamical system (˜ ,ψ), in the usual sense, which commutes with ( , ψ):
Moreover,Ã can be seen as an extension of A: A =Ã •θ .
Our main goal is, first, to find a sub-actionṼ :˜ → R satisfyingÃ ≥Ṽ •ψ −Ṽ on˜ , second to show thatṼ can be of the formṼ = V • π for some V : R → R and third to show that V is Hölder on . We first define two cocycles along the stable leaves. 
The proposition says in particular that, if
We are now able to define a discretized sub-actionṼ. Let S nÃ = n−1 k=0Ã •ψ k be the Birkhoff sum ofÃ. The cocycle s is similar to what Bowen uses to prove that any Hölder function on the two sided shift is cohomologous to one which depends only on positive coordinates.
where the infimum is taken over all n ≥ 0 and all ζ ∈ satisfying ζ 0 = ω 0 .
We are using for the first time the particular choice of the normalizing constant m(A) to guarantee that the infimum is finite. Proposition 4 is then a consequence of the following. 
Extension of discretized sub-actions.
We constructed in the first part a weak Poincaré section (˜ ,γ ) of uniform size ( * , τ * , K * ) and a Poincaré sub-section ( , γ ), where each i ⊂˜ i has a diameter at most and can be as small as we want compared with the size of (˜ ,γ ) and the minimal return time τ * on . We also constructed a subaction V : → R satisfying
where (τ, ψ) is the return time and the return map to the section . We now choose a Poincaré sub-section ( , γ ) of ( , γ ) as given in the following lemma.
LEMMA 15. There exists for each i an open subset i such that, denoting by γ i the restriction of γ i to
i : (i) i ⊂ i ; (ii) the sets U i = γ i ( i × ]0, τ * [) cover M (as do U i = γ i ( i × ]0, τ * [)); (
iii) for any i, j , U i intersects γ j ( j ) if and only if U i intersects γ j ( j ).
We now introduce the return time and return map (τ , ψ ) associated to the Poincaré sub-section ( , γ ), and for any x ∈ we define
Our final goal is to find H : M → R + smooth in the flow direction, globally Hölder, C r along any W cs loc if A is C r and such that for any x ∈ ,
This construction uses a refinement of the notion of transitions (see Figure 5 ).
Definitions 16.
(i) Let i, j be given, we say that i ⇒ j is a multiple transition if there exist x ∈ i and n ≥ 1 such that ψ n (x) ∈ j and τ n (x) = n−1 k=0 τ • ψ k (x) < τ * . (ii) We say that i 0 → i 1 → · · · → i n is a chain of simple transitions of length n if each i k → i k+1 is a simple transition. (iii) We define the rank of a multiple transition i ⇒ j as the largest n ≥ 1 such that there exists a chain of simple transitions of length n starting at i and ending at j . We notice that the notion of multiple transitions has been defined with respect to . Thanks to Lemma 15, we could have obtained the same notion using instead of . The following lemma shows that the notion of rank is meaningful. (iii) We define a partial flow box of B k ij as any set B of the form
We thus obtain a family of flow boxes which will enable us to construct by induction on the rank of the function H . Each H ij (x) is equal to a sum of H • ψ k (x) and is therefore non-negative. Moreover, for any x ∈ , each H (x) = H ij (x) for some simple transition i → j . Their main properties are given by the following lemma. 
We now explain in the following lemma the global strategy. Let U n be the union of all flow boxes of rank ≤ n and size n:
By the previous lemma, we notice that U N = M. In the sequel 'regular' means globally Hölder, smooth along the flow and as regular as A on any local center-stable manifold.
LEMMA 21. There exist, for each 1 ≤ n ≤ N, regular non-negative functions, H n : U n → R + null in a neighborhood of γ ( ) satisfying the two properties: (i) for any multiple transition i ⇒ j of rank n and any x ∈ n ij , (ii) for any transition i ⇒ j of rank n and any x ∈ B n+1 ij ,
The function H we are looking for is given by the last one: H = H N . For any 1 ≤ n ≤ N and any transition i ⇒ j of rank n, H coincides with H n on B N ij .
Technical proofs
The proof of our main result is essentially divided into two parts: in the first part we construct a discretized sub-action V and in the second part we extend V to M. In both parts, one of the main steps is to construct a Poincaré section ( , γ ) with small base compared to the minimum of τ (see Figure 6 ). It is needed in the first part in order to define Lyapunov charts and in the second part to be able to define a notion of rank. The precise statement is given in Lemma 6 but before proving it we need the following simple covering lemma. 
Proof. Let
be an open set of R D . We first cover by a maximal net {x j } j ∈J of size 2 : that is, d(x j , x j ) ≥ 2 and j ∈J B(x j , 2 ) covers . The balls {B(x j , )} j ∈J are pairwise disjoint. We then translate simultaneously each center x j by a vector
where each k i is an integer and satisfies 
Let C(D) be the covering number given by Lemma 22. We can cover each˜ i by balls {B ij k } j ∈J,1≤k≤C(D) of size < * and center x ij k so that, for i, k fixed, the balls {B ij k } j ∈J are pairwise disjoint. Our choice of * implies that B(x ij k , * ) ⊂˜ i . We then stack C(D) copies of˜ i one above the over along the flow, or formally, we just define new charts:
Let˜ ij k =˜ i − x ij k and ij k = B(0, ). We notice that the maximum height of the stack is * < τ * /2 and the minimum return time between two ij k is at least * /C(D). The sets {γ ij k ( ij k )} ij k are therefore disjoint and the sets
We give two consequences of the existence of a Poincaré section of small base. We first show how to define on each i a new norm · i so that the new unit ball B i for this norm is still small, contains i and is such that the very first iterateψ ij is uniformly hyperbolic for all transitions i → j . 
(where D x γ i denotes the tangent map of γ i at x). We now define a (Finsler) norm on each E u,s i in the following way. We first fix η * > 0 small, ρ * > 0, T * large, to be determined later, and we also choose once and for all some constants µ s , µ s * , µ u , µ u * satisfying:
(where λ u and λ s are constants given by the flow). We then define for any v s ∈ E s i and v u ∈ E u i :
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The two norms · and · i are related as follows
where T * is chosen so that exp(T * ( s − µ s )) < 1/2 and ρ * is large compared to 1/ * . In particular, we obtain that the unit ball of · i is included in˜ i . 
If is small enough, sinceψ ij ( i ) intersects j ,ψ ij (0) is close to 0 and D 0ψij is close to D 0 φτ ij (0) . To simplify the notation let τ =τ ij (0). We fix η * small and T * large that will be determined later. Then, for small enough,
On the one hand,
The integral +∞ T * can be bounded from above using that v s ≤ 2 * v s i , that the flow contracts the stable manifold and that T * is chosen large enough compared to ln(1/η * ) to get
We obtain finally, provided that η * satisfies (1
On the other hand, for η * small enough:
The other estimates for v u ∈ E u i are obtained similarly. 2
We give now a second application of the existence of a Poincaré section.
Proof of Lemma 17. Let i ⇒ j be a multiple transition and i = i 0 → · · · → i n = j a chain of simple transitions joining i and j . We want to prove that n is uniformly bounded.
We 
Let η * small enough be defined later. If is sufficiently small, each k has a diameter less than η * and the oscillation of σ k is less than τ * /2 where τ * is the minimum value of all return times to : |σ k (x) − σ k (y)| < . We obtain in particular that m is uniformly bounded:
Furthermore, if we choose η * so that (N * + 1)η * < * /2, since the distance of i m from 0 is bounded by mη * ≤ N * η * , we have just proved that γ i m+1 ( i m+1 ) is again totally included in˜ ij . 2
Existence of Lyapunov charts enables us to use the theory of graph transform to construct local stable and unstable manifolds. We do not prove this fact (Lemma 8), which can be viewed as an improvement of the standard Bowen's shadowing lemma: points for instance in the local stable manifold W s loc (ω) positively shadow a given pseudo-orbit (ω 0 , ω 1 , . . . ). We prove, nonetheless, the Markov property these manifolds possess. 
